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LECTURE23

Multivariable fuctions I

23.1 Multivariable functions

Definition 23.1. A function f of two variables, x, and y, is a rule that assigns a unique

real number f (x, y) to each point (x, y) in some set D in the x y−plane.

In general, a function f of n variables, x1, x2, · · · , xn is a rule that assigns a unique

real number f (x1, x2, · · · , xn) to each point (x1, x2, · · · , xn) in some set D in the Rn . The

set D is called its domain and the set
{

f (x1, x2, · · · , xn) : (x1, x2, · · · , xn) ∈ D
}

is called

its range.

Figure 23.1: Multivariable function.

Example 23.1. Let f (x, y) = √
y +1+ ln(x2 − y). Find f (e,0) and sketch the natural

domain of f .
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2 LECTURE 23. MULTIVARIABLE FUCTIONS I

Solution. By substitution,

f (e,0) =p
0+1+ ln(e2 −0) = 1+ lne2 = 1+2lne = 3.

To find the natural domain of f , we note that
√

y +1 is defined only when y ≥ −1,

while ln(x2 − y) is defined only when 0〈x2 − y or y < x2. Thus, the natural domain of

f consists of all points in the x y−plane for which −1 ≤ y < x2. To sketch the natural

domain, we first sketch the parabola y = x2 as a dashed curve and the line y = −1 as

a solid curve. The natural domain of f is then the region lying above or on the line

y =−1 and below the parabola y = x2; see Figure 23.2.

Figure 23.2: Natural domain of f , the solid bondary line is included in the domain,
while the dashed boundary is not included.

Definition 23.2. If f is a function of two variables with domain D, then the graph of f

is the set of all points (x, y, z) in R3 such that z = f (x, y) and (x, y) is in D.

Figure 23.3: Graph of a multivariable function with domain D .

Example 23.2. The graph of the function f (x, y) = −
√

x2 + y2 is as shown in Figure

23.4.

Definition 23.3 (Level curves).

The level curves of a function f of two variables are the curves with equations f (x, y) =
k, where k is a constant (in the range of f ).
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Figure 23.4:

Figure 23.5: Level curves.

23.2 Limits along smooth curves

For a function of one variable there are two one-sided limits at a point x0, namely

lim
x→x+

0

f (x) and lim
x→x−

0

f (x)

There are infinite different curves along which one point can approach another.

Figure 23.6: Level curves.
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Definition 23.4 (Limit along smooth curves). If C is a smooth parametric curve in

two and three dimension that is represented by x = x(t ), y = y(t ) or x = x(t ), y = y(t ),

z = z(t ). Then,

lim
(x,y)→(x0,y0)

(al ong C )

f (x, y) = lim
t→t0

f (x(t ), y(t ))

lim
(x,y,z)→(x0,y0,z0)

(al ong C )

f (x, y, z) = lim
t→t0

f (x(t ), y(t ), z(t )).

Remark 23.5. In these formulae the limit of the function of t must be treated as one

sided limit if (x0, y0) or (x0, y0, z0) is an endpoint of C .

Figure 23.7: Limit along a smooth curve C .

Example 23.3. Find the limit of f (x, y) as (x, y) → (0,0) along y =−x and y = x2.

Solution. The line y = −x has parametric equations x = t , y = −t , with (0,0) corre-

sponding to t = 0, so

lim
(x,y)→(0,0)

(al ong y=−x)

f (x, y) = lim
t→0

f (t ,−t ) = lim
t→0

t 2

2t 2 = lim
t→0

1

2
= 1

2
.

The parabola y = x2 has parametric equations x = t , y = t 2, with (0,0) corresponding

to t = 0, so

lim
(x,y)→(0,0)

(al ong y=x2)

f (x, y) = lim
t→0

f (t , t 2) = lim
t→0

− t 3

t 2 + t 4 = lim
t→0

− t

1+ t 2 = 0.

Definition 23.6 (Open and closed sets).

Let (x0, y0) ∈R2 and δ> 0. The set of all point that are enclosed by the circle centered at

(x0, y0) and radius δ, but do not lie on the circle, is called the open disk of radius δ and

center (x0, y0). The set of points that lie on the circle together with those enclosed by the

circle is called the closed disk.
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Analogously, if S is a sphere centered at (x0, y0, z0) and has positive radius δ, then

the set of points that enclosed by the sphere, but do not lie on the sphere, is called the

open ball. The set of points that lie on the sphere together with those enclosed by the

sphere is called the closed ball.

If D is a set in two dimensions, then (x0, y0) called an interior point of D if there

is some open disk centered at (x0, y0) that contains only points of D, and is called a

boundary point if every open disk centered at (x0, y0) contains both points in D and

points not in D.

A set D is called closed if it contains all of its boundary points and open if it contains

none of its boundary points. R2 and R3 are both closed and open.

Figure 23.8: Left: Closed set, Right: An open set.

23.3 Limits of multivariable functions

Definition 23.7 (Limits of Multivariable functions: Formal).

Let f be a function of two variables, and assume that f is defined at all points of some

open disk centered at (x0, y0), except possibly at (x0, y0). We will write

lim
(x,y)→(x0,y0)

f (x, y) = L

if given any number ε> 0, we can fund a number δ> 0 such that f (x, y) satisfies

| f (x, y)−L| < ε

whenever the distance between (x, y) and (x0, y0) satisfies

0 <
√

(x −x0)2 + (y − y0)2) < δ.

Example 23.4. Find lim
(x,y)→(1,4)

[
5x3 y2 −9

]
.
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Figure 23.9: Formal definition of limit.

Solution.

lim
(x,y)→(1,4)

[
5x3 y2 −9

] = lim
(x,y)→(1,4)

[
5x3 y2]− lim

(x,y)→(1,4)
[9]

= 5

[
lim

(x,y)→(1,4)
x

]3 [
lim

(x,y)→(1,4)
y

]2

−9

= 5(1)3(4)2 −9 = 71.

Theorem 23.8. If f (x, y) → L as (x, y) → (x0, y0), then f (x, y) → L as (x, y) → (x0, y0)

along any smooth curve.

If the limit of f (x, y) fails to exist as (x, y) → (x0, y0) along some smooth curve or if

f (x, y) has different limits as (x, y) → (x0, y0) along two different smooth curves, then

the limit of f (x, y) does not exists as (x, y) → (x0, y0).

Example 23.5. The limit

lim
(x,y)→(0,0)

(
− x y

x2 + y2

)
does not exist because

lim
(x,y)→(0,0)

al ong x=0

(
− x y

x2 + y2

)
= 0 lim

(x,y)→(0,0)

al ong y=x

(
− x y

x2 + y2

)
=−1

2
.

23.4 Continuity of multivariable functions

Definition 23.9. A function f (x, y) is said to be continuous at (x0, y0) if f (x0, y0) is

defined and if

lim
(x,y)→(x0,y0)

f (x, y) = f (x0, y0).

In addition, if f is continuous at every point in an open set D, then we say that f is

continuous on D, and if f is continuous at every point in the x y−plane, then we say

that f is continuous everywhere.
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Theorem 23.10. If g (x) is continuous at x0 and h(y) is continuous at y0, then f (x, y) =
g (x)h(y) is continuous at (x0, y0).

If h(x, y) is continuous at (x0, y0) and g (u) is continuous at u = h(x0, y0), then the

composition f (x, y) = g (h(x, y)) is continuous at (x0, y0).

If f (x, y) is continuous at (x0, y0), and if x(t ) and y(t ) are continuous at t0 with

x(t0) = x0 and y(t0) = y0, then the composition f (x(t ), y(t )) is continuous at t0.

Remark 23.11 (Recognizing a continuous function).

• A composition of continuous functions is continuous.

• A sun, difference, or product of continuous functions is continuous.

• A quotient of continuous functions is continuous, except where the denominator

is zero.

Example 23.6. Evaluate lim
(x,y)→(−1,2)

(
x y

x2 + y2

)
.

Solution. Since f (x, y) = x y

x2 + y2 is continuous at (−1,2), it follows from the definition

of continuity for function of two variables that

lim
(x,y)→(−1,2)

(
x y

x2 + y2

)
. = (−1)(2)

(−1)2 + (2)2 =−2

5
.

Example 23.7. The function f (x, y) = x2 y2

1−x y
is a quotient of continuous functions, it

is continuous except where 1−x y = 0. Thus f (x, y) is continuous everywhere except on

the hyperbola x y = 1.

Definition 23.12 (Limits in 3D).

Let f be a function of two variables, and assume that f is defined at all points of

some open disk centered at (x0, y0, z0), except possibly at (x0, y0, z0). We will write

lim
(x,y,z)→(x0,y0,z0)

f (x, y) = L

if given any number ε> 0, we can fund a number δ> 0 such that f (x, y, z) satisfies

| f (x, y, z)−L| < ε

whenever the distance between (x, y, z) and (x0, y0, z0) satisfies

0 <
√

(x −x0)2 + (y − y0)2 + (z − z0)2) < δ.
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23.5 Partial di�erentiation

If z = f (x, y) and (x0, y0) is a point in the domain of f , then the partial derivative of f

with respect to x at (x0, y0) [also called the partial derivative of z with respect to x at

(x0, y0)] is the derivative at x0 of the function that results when y = y0 is held fixed and

x is allowed to vary. This partial derivative is denoted by fx (x0, y0) and is given by

fx (x0, y0) = d

d x
[ f (x, y0)]

∣∣∣
x=x0

= lim
∆x→0

f (x0 +∆x, y0)− f (x0, y0)

∆x

Similarly, the partial derivative of f with respect to y at (x0, y0) [also called the partial

derivative of z with respect to y at (x0, y0)] is the derivative at y0 of the function that

results when x = x0 is held fixed and y is allowed to vary. This partial derivative is

denoted by fy (x0, y0) and is given by

fy (x0, y0) = d

d y
[ f (x0, y)]

∣∣∣
y=y0

= lim
∆y→0

f (x0, y0 +∆y)− f (x0, y0)

∆y

Example 23.8. Find fx (1,3) and fy (1,3) for the function f (x, y) = 2x3 y2 +2y +4x.

Solution. Since

fx (x,3) = d

d x
[ f (x,3)] = d

d x
[18x3 +4x +6] = 54x2 +4,

we have fx (1,3) = 54+4 = 58.

Also, since,

fy (1, y) = d

d y
[ f (1, y)] = d

d y
[2y2 +2y +4] = 4y +2,

we have fy (1,3) = 4(3)+2 = 14.

If z = f (x, y), then the partial derivatives fx and fy are also denoted by the sym-

bols,
∂ f

∂x
,

∂z

∂x
, and

∂ f

∂y
,

∂z

∂y

Some typical notations for the partial derivatives of z = f (x, y) at a point (x0, y0)

are
∂ f

∂x

∣∣∣
x=x0,y=y0

,
∂z

∂x

∣∣∣
(x0,y0)

,
∂ f

∂x

∣∣∣
(x0,y0)

∂ f

∂x
(x0, y0).

Example 23.9. Find
∂z

∂z
and

∂z

∂y
if z = x4 sin(x y3).

Solution.

∂z

∂x
= ∂

∂x
[x4 sin(x y3)] = x4 ∂

∂x
[sin(x y3)]+ sin(x y3) · ∂

∂x
(x4)

= x4 cos(x y3) · y3 + sin(x y3) · (4x3) = x4 y3 cos(x y3)+4x3 sin(x y3).
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∂z

∂y
= ∂

∂y
[x4 sin(x y3)] = x4 ∂

∂y
[sin(x y3)]+ sin(x y3) · ∂

∂y
(x4)

= x4 cos(x y3) ·3x y2 +0 = 3x5 y2 cos(x y3).

23.5.1 Partial di�erentiation as rate of change and slope of the tan-

gent

Recall that for y = f (x, y), the value f ′(x0) is interpreted either as the rate of change

of y with respect to x at x0, or the slope of the tangent line at x = x0. The partial

derivatives have an analogous interpretations.

Suppose C1 is the intersection of the surface z = f (x, y) with the plane y = y0.

Then, fx (x, y = y0) can be interpreted as the rate of change of z with respect to x

along the curve C1. In particular, fx (x0, y0) is the rate of change of z with respect to x

along the curve C1 at point (x0, y0).

Figure 23.10: Partial derivative as a slope of the tangent. C1 and its tangent (left). C2

and its tangent (right).

Example 23.10. Find the slope of the sphere x2 + y2 + z2 = 1 in the y−direction at the

points
(2

3 , 1
3 , 2

3

)
and

(2
3 , 1

3 ,−2
3

)
.

Solution. The point
(2

3 , 1
3 , 2

3

)
lies on the upper hemisphere z =

√
1−x2 − y2, and the

point
(2

3 , 1
3 ,−2

3

)
lies on the lower hemisphere z = −

√
1−x2 − y2. We could find the

slopes by differentiating each expression for z separately with respect to y and then

evaluating the derivatives at x = 2

3
and y = 1

3
. However, it is more efficient to differ-

entiate the given equation

x2 + y2 + z2 = 1

implicitly with respect to y , since this will give us both slopes with one differentia-

tion. To perform the implicit differentiation, we view z as a function of x and y and
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differentiate both sides with respect to y , taking x to be fixed. The computations are

as follows:

∂

∂y
[x2 + y2 + z2] = ∂

∂y
[1] =⇒ 2y +2z

∂z

∂y
= 0 =⇒ ∂z

∂y
=− y

z

Substituting the y− and z−coordinates of the points
(2

3 , 1
3 , 2

3

)
and

(2
3 ,−1

3 , 2
3

)
in this

expression, we find that the slope at the point
(2

3 , 1
3 , 2

3

)
is −1

2
and the slope at

(2
3 , 1

3 ,−2
3

)
is

1

2
.

Figure 23.11: Partial derivative as a slope of the tangent. C1 and its tangent (left). C2

and its tangent (right).

Example 23.11. Find the second order partial derivatives of f (x, y) = x2 y3 +x4 y.

Solution. We have

∂ f

∂x
= 2x y3 +4x4 y, and

∂ f

∂y
= 3x2 y2 +x4.

so that

∂2 f

∂x2 = ∂

∂x

(
∂ f

∂x

)
= ∂

∂x
(2x y3 +4x3 y) = 2y3 +12x2 y.

∂2 f

∂y2 = ∂

∂y

(
∂ f

∂y

)
= ∂

∂y
(3x2 y2 +x4) = 6x2 y.

∂2 f

∂x∂y
= ∂

∂x

(
∂ f

∂y

)
= ∂

∂x
(3x2 y2 +x4) = 6x2 y +4x3.

∂2 f

∂y∂x
= ∂

∂y

(
∂ f

∂x

)
= ∂

∂y
(2x y3 +4x3 y) = 6x2 y +4x3.

Notice that, from the above example, that fx y = fy x . This is not a mere coinci-

dence and in general we have the following theorem.

Theorem 23.13. Let f be a function of two variables. If fx y , and fy x are continuous on

some open disk, then fx y = fy x on the disk.
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